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Part 1. Electrical systems

Abbreviations:
KVL: Kirchhoff's voltage law
KCL: Kirchhoff's current law

LHS: left-hand side (of the equation)



Question 1: Consider the schematic of an electrical circuit depicted below,
consisting of a resistor, an inductor, and a capacitor

(with parameters R, L, and C, respectively). The charge accumulated

on the capacitor is denoted as q(t). An external voltage is applied

to the circuit, denoted as v(t). Find the differential equation model

of the system relating v(t) and q(t).
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Question 2: Consider the schematic of an electrical circuit depicted below,
consisting of a resistor, an inductor, and a capacitor

(with parameters R, L, and C, respectively). The voltage drop across the resistor
is denoted as v2(t). An external voltage is applied

to the circuit, denoted as v1(t). Find the differential equation model

of the system relating v1(t) and v2(t).
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Question 3: Consider the schematic of an electrical circuit depicted below,
consisting of a resistor, an inductor, and a capacitor

(with parameters R, L, and C, respectively). The current flowing through the
inductor is denoted as iL(t). An external current is supplied

to the circuit, denoted as i(t). Find the differential equation model

of the system relating i(t) and iL(t).
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Part 2: Mechanical systems

Abbreviations:
FBD: free body diagram
N2L: Newton's second law of motion

LHS: left-hand side (of the equation)



Question 1: Consider the schematic of a translational mechanical system
depicted below, consisting of a mass, a spring, and a damper

(with parameters M, K, and D, respectively). Position of the mass

is denoted as q(t). An external force is being applied to the system,
denoted as f(t). There are no other forces acting on the system.

Find the differential equation model of the system relating f(t) and q(t).
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Question 2: Consider the schematic of a translational mechanical system
depicted below, consisting of a mass and two springs

(with parameters M, K1, and K2, respectively). Position of the mass

is denoted as q(t). An external force is being applied to the system,
denoted as f(t). There are no other forces acting on the system.

Find the differential equation model of the system relating f(t) and q(t).
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Question 3: Consider the schematic of a translational mechanical system
depicted below, consisting of a mass, a spring, and a damper

(with parameters M, K, and D, respectively). Position of the mass

is denoted as q(t). An external force is being applied to the system,
denoted as f(t). Gravity is acting on the system, with

gravitational acceleration constant g.

There are no other forces acting on the system.

Find the differential equation model of the system relating f(t) and q(t).
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Part 3: Electromechanical systems

Abbreviations:
emf:; electromotive force
KVL: Kirchhoff's voltage law

N2L: Newton's second law of motion



Question 1: Consider the schematic of an rotational electromechanical system
(DC motor) depicted below, consisting of a resistor and an inductor

(with parameters R and L) for the electrical part, and a rotating object with
a moment of inertia of J and a viscous friction element with constant B,

for the mechanical part. The motor torque constant Km is equal to the back
electromotive force constant Kb, and is given as K (that is, K = Km = Kb).
Angular velocity of the mass is denoted as w(t).

An external voltage is being applied to the system,

denoted as v(t). An external load torque is being applied to the system,
denoted as d(t). There are no other forces or torques acting on the system.
Find the differential equation model of the system relating v(t), d(t) and w(t).
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Part 4: Laplace transform and transfer functions

Abbreviations:

ODE: ordinary differential equation
N2L: Newton's second law of motion
LHS: left-hand side (of the equation)
RHS: right-hand side (of the equation)

opamp: operational amplifier



Question 1: Consider the schematic of a translational mechanical system
depicted below, consisting of a mass and a damper

(with parameters M and B). Speed of the mass is denoted as v(t).

An external force is being applied to the system,

denoted as f(t). There are no other forces acting on the system.

Assuming that the external force is in the form of a step function f(t) = f0*1(t)
(with 1(t) denoting the unit step function; and fO a constant), and that all initial
conditions are zero, find the speed of the mass at time equal to t = 5.

L M J—%&Cf),d{t)
/

Selutionn: We first peed 4o {ind

the ODE Wlw(e/ z% the 93 +¢M,
and then solve i+ /ov“ (f[f)=/o'1(f) +o
find the solution for w(S).

\/Vn”ci/lgf NZL:
f 5w -Ma
tl/u s the ODE Wrw(u' 4#@ Jys+en
rmxv.‘/_\? to hae = terms  on LHJ:

MG +Be = £




To sl the ODE (wing Laplace
trans form Mthoo()/ we /o/oca@/
74 6(6//0\/1/4:

Take (aplace +aneform 450% siole.s:
LEM G +B = L{f)F
wa[%e/ trwujarw s dinear thus
LEMOS+ LEBud= LEFEIS
M- LE07 + B fLfe] = LEfE)S
We defire the pllowing Sgmbols:

(fo”@wma stendard potational covivention
of wiing wpecase Aetes for Laplace
LronS form § 3%&4—0:1 signals)

Lo} = V(s)
LEP() 5 = F(s)



Furtherwore, from the Laplace
'&m/\.f%orvvu 'baél& we WO\A/ 1‘:1/\.917‘

LiG}= sV yé@z(a” )

L5063 = s\V(E) T

Thus, we have:
M-s\(s) + B V(s) = F(s)
(Ms +8B) V() = F(s)

mnaas .
V()= ol £l

¢ Jound the relationchip between
J(y) and L}L@i’) A the LOUPL"'C& OZOW:'/L
}\/0\/\/ we need ro substiiuie /0(7"/*&
cho(J;‘C {U‘) Ju’\/f/\ in th %M&Hﬂ'@’l Wtﬂ/
Cr Hike 4o inveSe Laf[mce, WAJ/cm«;
v dind the Sslution to +vhe ODE.




Ta the question i+ says:
f6)= £, 108
TM‘MK& tle L‘"f Lacg/ trwhrjonm;

LS = LI £, 100
o L{1D]

From the LMPUCQ/ twszorm/l tab/
we fnow  that L5171 = 7
TLW\S 40( j}[f) we ['\0\\/6/
L5403 - E() - 4, L
waﬁltmﬂwg ﬂ/us i the {Qllow,

GE M_Hg )

1
Vi) M;+ g oS
K&Whhv\j 0 M\’e' /I a3 H’ﬂ. Coe,ﬂn'c{e/ﬁ
O}Y’ the s termn in e dememinator:

0 1
\/CJ) l<4 S (s+ B/m)




Now we need +0 4ale tha jnverge

LmPme& frﬂ/\J{orM 4 \/(x) +o obain
the ODE'S solution UCt),

F‘(OW\ the Lﬁplace, tm/l&‘%mm 7':0(7/0,
we know  +hats

1 . —at

{ (1 ))7 S@rm) iﬁﬁxﬁ)
To see this, use o[{g--%t}:g«t%
ol L{@_at}? = ;{_% tOJ&fltef, as fo”ows:

—C/’ C-a{:)‘a“iﬁt
Tot[»bn/\? Lﬂf Crang o/ % K}‘b
L{%} = 2——[% (since 411 - 3259

,[({%'6%73%-32—0[ (S.’AC&DC{J?:FZ-\
Céw\L,'.m'V\.a t’[w a0 u-e /\M/G

5 +0 :_Z._.(S 5+”1> 5(;+q)




Since LE3(-e} - Ly
the invede laplace trarsform gf

the RHS o Vi) - Ao

M S (s+ Bm)

(9-(2) = é" (1- e Sth)
which v the golution % the QDE.
E\/MIM‘(’N\a thid af Hwme. t'-S/

we  dind :

T}[S): i (/)_ é5‘3/f\/[) [

L i '




Question 2: Consider the electrical circuit from question 1,
Part 1: Electrical systems. Assume that all initial conditions are zero.
Find the transfer function model of the system from v(t) to q(t).
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Question 3: Consider the mechanical system from question 1,
Part 2: Mechanical systems. Assume that all initial condltlons are zero.
Find the transfer function model of the system from f(t) to q(t).
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Question 4: Consider the electromechanical system from question 1,

Part 3: Electromechanical systems. Assume that: 1) L and B parameters are
equal to zero. 2) External load torque d(t) is equal to zero.

3) All initial conditions are zero.

Find the transfer function model of the system from v(t) to w(t
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Question 5: Consider the schematic of an electronic circuit depicted below,
consisting of an ideal opamp, together with two resistors and

an inductor (with parameters R1, R2, and L, respectively).

The voltages at the two ends of the circuit are denoted as v1(t) and v2(t).
Find the transfer function model of the system from v1(t) to v2(t).
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